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osting by EAbstract Mathematical modeling of penetration of hollow charge jet into target of different mate-
rials has been studied in the present studies. Penetration velocity of the hollow charge has been esti-
mated and computed for its progression into the target at various distance (normalized with
standoff) within it. Momentums and energy per unit depth have also been computed which are
of important parameters in the design concept of either the target or the projectile (hollow charge)
itself. One of the important parameter in terminal ballistics, ‘‘penetration aspect’’ has been com-
puted for different case studies and for different density combination of target and liner material.
The model has been compared with earlier developed models and found that the present computed
models yield lower values in comparison to earlier works.
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Terminal ballistics is the study of material interaction at the tar-
get point (tank with projectile attack, runways with bombs or
shells, personnel with bombs or shells or bullets and so forth).
In order to estimate the damage caused as a result of an impact
of a projectile attack, detailed knowledge of mechanics and
strength of materials are required. This will help in not only
assessing the damage thus caused to the target but also helps
in designing the target with more rugged protective materials
(from the knowledge of strength of materials). In the proposed
study, projectile has been chosen as hollow charge (heat projec-
tile) and targetmaterial has been considered for differentmetals,
which differ in their densities for the impact analysis. It is as-
sumed that, after detonation the liner to melt like a liquid under
high temperature and pressure and converts the metallic liner
into jet and slug (Walters and Zukas, 1989) so that hydrody-
namic jet theory can be employed for the estimation of jet veloc-
ity. Many researches (Birkhoff et al., 1948; Pugh et al., 1952;
Eichelberger and pugh, 1952; Weickert, 2003; Grove, 2006;
Hirsh, 1979) studied hollow charge from theoretical and exper-
imental aspect point of view. In the present model, the study has
been aimed at developing the model for the determination of
penetration velocity at different depth (normalized with stand-
off distance) of the targets, and different combination of jet
and target densities. Analysis has also been extended for the esti-
mation of momentums and energy per unit depth which are of
important parameters in the design aspect of either projectile
or the target material.
2. Analysis
Work done on the system by impacting moving jet on the tar-
get can be represented by following equation:
mj:
dðv uÞ
dt
:x0 ¼ AðtÞqtxu2 ð1Þ
where A(t) is the projectile area, given by following relation
(Lambert, 2008)
AðtÞ ¼ mj
qjðVtip  VtailÞt
ð2Þ
v is the velocity of jet, u is the penetration velocity, x is the dis-
tance of penetration, qj is the density of jet, qt is the density of
target, mj mass of jet, Vtip and Vtail are the velocity of jet at tip
and tail, respectively.
Assuming v= u(1 + c) from Bernoulli’s equation (Pugh
et al., 1952) where c ¼ ðqtqj Þ
1
2 Eq. (2) can be further simpliﬁed todðv uÞ
dx
dx
dt
¼  qt
qjðVtip  VtailÞ:x0
x
t
 
u2 ð3Þ
Penetration velocity has been studied for the possible three
cases in the present studies.
Case I.
dx
dt
 x
t
¼ u
Using initial condition that u= u0 and converting the jet
velocity into penetration velocity through relation (4), Eq.
(6) simpliﬁes to
u ¼ u0ðVtip  VtailÞ
cu0ð xx0  1Þ þ ðVtip  VtailÞ
ð4Þ
This velocity has been compared with the Lambert (2008)
model,
u ¼ u0 x
x0
 c
ð5ÞCase II.
dx
dt
 u and x
t
¼ v
Using the same initial conditions as that of case (I), pene-
tration velocity (u) takes the following form;
u ¼ u0ðVtip  VtailÞ
cð1þ cÞu0ð xx0  1Þ þ ðVtip  VtailÞ
ð6ÞCase III.
dx
dt
 v u and x
t
¼ u
Using v= u(1 + c), and the same initial condition as of
case I and II, penetration velocity simpliﬁes to:
u ¼ u0ðVtip  VtailÞ
u0ð xx0  1Þ þ ðVtip  VtailÞ
ð7Þ3. Depth of penetration
Abrahamson and Goodier (1963) proposed analytical relation
for penetration for non-uniform jet velocity over its length
Table 1 Values of density and dynamical yield strength for
different materials (Ref. Cline and Reaugh (1991)).
Materials Density g/cm3 Dynamic yield strength mbar
Aluminum 2.7 0.0042
Steel 7.85 0.012
Tantalum 16.66 0.009
Uranium 18.9 0.011
Figure 1 Variation of penetration velocity u with normalized
stand off distance (case (1)).
Figure 2 Variation of penetration velocity u with normalized
stand off distance for case (2).
Figure 3 Variation of penetration velocity u for case (3).
Figure 4 Variation of penetration velocity u for different target
density case (4)
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qj
qt
þ 1
 
=v
ðqj=qtÞ
tip
 Z 1
0
vðqj=qtÞðxÞdx 1
 	
þ S vtail
vtip
 qj=qt
 1
" #
ð8Þ
Here velocity of jet v is assumed for two cases [cases-II and
III]For case-II: v is taken as [using v= u(1 + c) and u from
Eq. (6)]
v ¼ u0ðVtip  VtailÞð1þ cÞ
cð1þ cÞu0ð xx0  1Þ þ ðVtip  VtailÞ
ð9Þ
For case-III: v is taken as [using u from Eq. (7)]
v ¼ u0ðVtip  VtailÞð1þ cÞ
u0ð xx0  1Þ þ ðVtip  VtailÞ
ð10Þ
Penetration derived for cases-II and -III respectively are;
PII ¼ LJ ðc
2 þ 1Þ
vc
2
tip
( )
A
B
 c2 c2
c2  1 1 x0 þ
C
B
 c2þ1" "
 x0 þ C
B
 c2þ1#!
 1
#
þ S vtail
vtip
 c2
 1
" #
ð11Þ
Figure 5 Variation of penetration velocity u for different jet
density case (1).
Figure 6 Comprative study off all three cases with comparision
to lambert model.
Figure 7 Variation of penetration velocity with non dimensional
depth/stand off (x/x0) initial velocity chosen from ref (Walters and
Zukas, 1989; Cline and Reaugh, 1991).
Figure 8 (a) Variation off momentum per unit depth with
normalized stand off distance, (b) a variation off momentum per
unit depth with normalized stand off distance.
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n o Acð1þcÞ
B
 c2"
c2
c21 1x0þ
cð1þcÞC
B
 c2þ1" 
 x0þcð1þcÞC
B
 c2þ1#!
1
#
þS vtail
vtip
 c2
1
" #
ð12Þ
where A= u0C(1 + c); B ¼ cð1þcÞu0x0 ; C= (Vtip  Vtail).
Here S is the standoff distance. Backman and Goldsmith
(1978) proposed relation for penetration for uniform jet veloc-
ity in terms of yield strength of the material.
P¼LJc1 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2 12r
D
Yt
qjv
2
j
ð1c2Þ
" #vuut
2
4
3
5=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12r
D
Yt
qjv
2
j
ð1c2Þ
s
c1
" #
ð13Þ
Here ‘‘vj’’ is replaced by ‘‘vtip’’ in the computational aspect.
Figure 10 Variation of penetration with length of jet (m).
Figure 9 (a) Variation of Energy per unit depth with stand off,
(b) variation off Energy per unit depth with stand off.
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Momentum and energy per unit depth [dM/dp, dE/dp], are one
of the important parameters from diagnostic and design aspect
point of view. Energy absorption and momentum from gener-
ation can be linked to understand how much energy dissipated
in the material and momentums to tolerance which a target
can possess. Hence these [dM/dp, dE/dp] are derived by follow-
ing relations
M ¼ qjAlV; E ¼
1
2
qjAlV
2 ð14Þ
Hence dM=dp ¼ mju
2
0
x0½cð1þ cÞu0ð xx0  1Þ þ ðVtip  VtailÞ
 ð1þ cÞc x
x0
 ð1þcÞ
ð15ÞdE=dp ¼ mju
3
0ðVtip  VtailÞð1þ cÞ2c
2x0 cð1þ cÞu0ð xx0  1Þ þ ðVtip  VtailÞ
h i2 xx0
 ð1þcÞ
ð16Þ
The data used for the computation propose have been tab-
ulated Table 1.
5. Results and discussions
5.1. Penetration velocity
Penetration velocity ‘u’ has been computed for all the three
cases, for different combinations of jet and target densities,
and for different initial velocities chosen from Refs. Partanian
and Pralhad (2009, 2010, 2011). The computed values have
been shown in Figs. 1–7. The results indicate that case (I)
and (III) values are closer case in computation whereas case
(II) are signiﬁcantly lower than (I) and (III) (Fig. 6). Penetra-
tion velocity for different target density (Fig. 4) found to be
higher is the target density lower is the penetration velocity,
and in case of different jet, it is found to be exactly opposite
(Fig. 5) in observation (that is higher is the jet density, higher
is the penetration velocity). The case for different initial
velocity chosen from Refs. Partanian and Pralhad (2010) and
Partanian and Pralhad (2009) found that higher are the initial
velocity, higher are the penetration velocities (Fig. 7). In all the
cases discussed above, the present model have been compared
with Lambert (2008) model and found that, the present com-
puted results are lower to Lambert (2008) model.5.2. Momentum and energy per unit depth
Momentum and energy per unit depth has been computed for
its variation with different standoff distance and for different
jet density, (Figs. 8a and 9a). Found that momentum and En-
ergy per unit depth decreases with increase in jet densities. The
comparative study with Lambert (2008) model (Figs. 8b and
9b] indicates that, the present computed values are higher than
Figure 11 Variation of penetration depth with length of jet (m).
Figure 12 Variation of penetration with length of jet (m)
Figure 13 Variation of penetration with length of jet (m).
Figure 14 Variation of penetration with length of jet (m).
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ent model decay faster with standoff in comparison to Lam-
bert (2008) model.
5.3. Penetration
Penetration has been computed for its variation with length of
jet for three different cases; (i) for case II, (ii) for case III and
(iii) for case of uniform jet velocity obtained by Backman and
Goldsmith (1978). The results obtained for cases II and III
has been named as PII and PIII in our studies; and for the case
of uniform jet velocity obtained by Backman and Goldsmith
(1978) it has been named as ‘P’. The computed results have
been shown in Figs. 10–15. The results indicate that PIII are
higher than PII for ‘Vtip’ velocity which are less than 10 km/s
(Fig. 10). For ‘Vtip’ greater than 10 km/s, it is observed that
PII overlaps PIII. PIII values are higher than P (Figs. 12–14)
for the three different samples (Aluminum, steel, and Tanta-lum). Initially it appears that P values are higher but it is only
in the length of jet 0.1–0.15 however PIII overshoots P after-
wards. It may be said that, this much distance (0.1–0.15) by
the metal requires to overcome its yield value. In case of
Uranium (Fig. 15), it is found that, the initial range of P are
higher (0.3–0.4) beyond which PIII overshoots P. The reasons
for this delay in overshooting could be due to higher yield
strength coupled with higher density for Uranium in compari-
son to all the three cases mentioned earlier. In all the cases it has
been observed that, the present model (PIII) yields higher values
of penetration in comparison to the one proposed in earlier
studies [Results obtained for P by using Ref. Backman and
Goldsmith (1978)]. The results of the present model appears
to be closer to the one found in the literature (Walters, 2008).
6. Conclusions
Mathematical modeling of hollow charge jet into different tar-
get materials has been undertaken in the present studies. The
model has been developed with an aim to review some of the
Figure 15 Variation of penitration with length of jet (m).
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such as penetration, penetration velocity, energy, and momen-
tum per unit depth which are of importance in the design of
either target material or projectile development. In view of its
importance, the model developed has been analyzed for various
combinations of target and jet densities. The results indicate
that, penetration velocity computed from the present model
are lower in comparison to the one published in the literature
Lambert (2008). The results computed for momentum and en-
ergy per unit depth are quite useful from the diagnostic point of
view since; higher energy absorption indicates positive side of
projectile (hollow charge) performance and the converse from
target point of view. It is found in our model that momentum
and energy per unit depth yield higher values in comparison
to Lambert (2008) model. The results on penetration computed
from the present model indicate that, the results are in agree-
ment with the one published in the literature Walters (2008).References
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